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If u is an entire harmonic function of exponential type less than = satisfying
u(n, 0) = u,(n, 0) = O for all integers n, then it follows from a result of Zeilberger
that z is identically zero. The main result in this article is to give a series re-
presentation of any entire harmonic function # of exponential type = < = with
u(x, 0) and u,(x, 0) in L?(— o, o), for some p > 0, in terms of the values u(n, 0)
and #,(n,0), n = 0, 1,.... A method of construction of a basis is given. This
technique can be extended to other related problems.

1. INTRODUCTION AND RESULTS

An entire harmonic function u(x, y) is a real-valued function, harmonic
in the plane R2 It is an entire harmonic function of exponential type ,
if | u(x, y)| < etmt9lenl for all large values of [(x, y)| = Vx® + y* where
€ > 0 is arbitrary. By Carathéodory’s inequality [4; p. 3], u(x, y) is entire
harmonic of exponential type r if and only if u(x, y) = Ref(z), z = x + iy,
where f is an entire (analytic) function of exponential type 7. In [3], Boas
pointed out that at least we need to know the function values on a two-
dimensional set in R? in order to uniquely determine an entire harmonic
function. For instance, the function u(x, y) = y is zero for all y = 0. He
also proved in [3] that if u(x, y) is entire harmonic and of exponential type
type 7 << w, then u(x, y) = 0 if it is zero at the lattice points (», 0) and (, 1),
n =0, 1, 4-2,.... Several interesting problems were posed in [3]. One
of these problems was to construct u(x, y) from its values at these lattice
points. This question was answered by Ching and Chui in [5], in which u(x, 0)
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and u#(x, 1) are both assumed to belong to L2(— o0, o). Later, Anderson
proved the convergence of the series representation introduced in [5] under
weaker hypotheses on u(x, 0) and u(x, 1). Another problem in [3] was to
generalize the uniqueness results in [3] to higher dimensions. This was done
in [2, 7]. As a consequence, it follows that the values u(s, 0) and wu,(n, O},

that the type of + of u is less than «. That is, the following result is obtained.

ProrosimioN 1. Let u(x, y) be an entire harmonic function of exponential
type = <m such that u(n,0) = u,(n,0) =0, n =0, -1, £2,... Then
ulx, y) = 0.

This result is sharp in the sense that = < 7 cannot be replaced by » < =,
because of the example (c,e™ -+ ce=™%) sin wx. We also remark that the
function u(x, y) =y satisfies u(n,0) = u,(n,0) =0 for n =0, +1,..,
so that the hypotheses on the normal derivative i, cannot be replaced by
that on the tangential derivative. We will give a very simple function-
theoretic proof of this uniqueness result. This proof will also facilitate our
derivation of our series representation theorem.

Note that the functions

1 g .
an(x, ) = 2—_”] cosh fyettt==n) g

-

and )
o) =k [ I e

T, i

are entire harmonic functions of exponential type 7 and satisfy

0
ap(m, 0) = 8m'n. s b; an(m, 0) = 0,

o
[
Ry

and .
Ign(}na 0) =0, a—y Bn(’n: O) = Bm,n >

for all integers m and n. We use these functions as a basis to solve the repre-
sentation problem. Namely, we have the following result.

TuaeoreM 1. Let u(x, y) be an entire harmonic function of exponential
type <<m such that u(x, 0) and u,(x, Q) belong to L"(—co, o), for some p,
0 <p << o0. Then

[2e]

uey) = Y un 0 mn )+ Y w0 Blx ), @

] N==—c0

where the series converges uniformly on every compact subset of R2.
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We emphasize that while Proposition 1 holds only for entire harmonic
functions of exponential type less than =, Theorem 1 holds for those of
type <m. Of course, for y = 0 the function (c;e™ +- ce~"Y) sin wx is not
in L?, 0 < p < o0. This example also shows that 0 << p < co cannot be
replaced by p = oo in Theorem 1. For p = 2, following Ching and Chui [5],
it can be proved that the convergence of the series in (2) is uniform on every
strip | y | << K < 00o. We will give a method of construction of the basis
functions «, and B, . This method can be extended to other related problems.

2. PROOF OF THE RESULTS

Let u(x, y) be an entire harmonic function of exponential type = < such
that u(n, 0) = u,(n, 0) = 0,7 =0, +1,.... We have to prove that u(x, y) = 0.
Let v(x, y) be a harmonic conjugate of u(x, y) and f(z) = u(z) + iv(z). Also,
set F(z) = f(z) + f(2). Then F(z) is an entire function of exponential type
+ < 7 and reduces to 2u(x, 0) on the real axis. Thus, F(z) vanishes at all the
integers. By Carlson’s theorem, F(z) vanishes identically. Now, consider the
entire function G(z) = f'(z) — f'(Z). G(2) is of exponential type =+ < = and
reduces to 2iv,(x,0) on the real axis. But v,(x, y) = —u,(x, y) so that
G(x) = —2iu(x,0). But u,(n,0) =0, n =0, 41,..., yields G(m) =0,
n =0, +1,.... Again by Carlson’s theorem, G(z) is identically zero.

From the identities F(z) = G(z) = 0 and using the Cauchy-Riemann
equations, we have wu,(x, —y) = —u,(x, y) and u,(x, —y) = u,(x, y), so that
u(x, ¥) is constant for fixed y. Similarly, we also have u,(x, —y) = u,(x, y)
and u,(x, —y) = —u,(x, ) so that u,(x, y) is also constant when y is fixed.
Hence by a standard argument, we have u(x, y) = ¢;y + ¢, for some
constants ¢; and ¢, . But the hypothesis #(0, 0) = u(l, 0) = 0 implies that
¢; = ¢, =0, or u(x, y) = 0. This completes the proof of Proposition 1.
To prove the representation theorem, we first give a method of construction
of the basis functions «, and §3, .

In view of the basis functions obtained in [5], it is natural to consider the
basis functions «, and B, of the form

a6 ) = 5- [ K(t, ) et d,

If 4, is entire harmonic, then the kernel k(z, y) must satisfy the equation
kyy — t%k = 0 for all ¢t and y. Fix ¢ and consider K(-) = k(z, -) as a function
of the second variable. By choosing k(z, 0) = 1, then h,(m,0) =3, ,
already. Hence, if we require o¢/,(m, 0)/dy = 0 for all m, we have

[ " J(t, 0) it dt = 0
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for all integers j, so that k,(z, 0) = 0. That is, we have the initial valued
problem
K" — 2Kk =0,
K@) =1, K'(0) = 0.
The solution is &(z, ) = K(y) = cosh ty. That is, the basis function «,(x, 1)
satisfying «,(m, 0) = 8., and Zo,(m, 0)/0y = Q for all m is

xa(x, y) = Z%J cosh fyeft > gy,

—T

Similarly, the basis function 8,(x, y) satisfving 8,(m, 0y = 0, ¢B,(m, O)/cy =
... for all m is obtained to be

_ Lo sinhty o
Bulr, ) = 5= || Fo et g,

—

To complete the proof of Theorem 1, we need several lemmas.

Lemma 1. Forall(x,y)e R*andn £ 0,

e

e < (3w ] et i G

1 : 0 : ;
Bl ) < (L —+mlyi+02 ol enln @

\

and | apfx, ) < el | Bolx, )l < |y lemlvl.

Let z = x + iy be fixed and consider the functions j{f} = €%® cosh ¢y
and k(t) = ez sinh ty/t. Then a,(x, y) and B,(x, y) are the nth Fourier
coefficients of j(r) and k(z), respectively. We first prove that for all | 7 | < =,
J(#) and k(¢) satisfy the following inequalities:

()] < el (5
Ol < x|+ [yDelv, (6
k(@) < |y ey, (D

and
| k’(t)l < (1 + 7 1 ¥y { -+ }"2 4+ xy I) eyl

N

Inequalities (5) and (6) are immediate from the definitions of j(¢¥). For
l't] < 7, we have

] sinhzy |
; —

& (ty)z.n ‘
N E

<lylcoshity] <[ y]el, )

n=0
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which gives (7). To prove (8), we set /() = sinh #y/t and note that {'(¥) =
(ty cosh ty — sinh ty)/t2. Hence, for 1 < [t | <7, | ') <(a |y |+ 1D e V),
and for | #| < 1, we have

’ B 1 ' © (ty)z,ﬂ_H B @ (ty)2n+1
[0 = 7 7;0 @n)! = @2n 41! ‘
1 l N%’l__ AVAESY
<#@| 2 Gr @™

< |y Plsinh |y ]| < pPell < yPemlvl,
These estimates give

O <A+ 7iyl-+pHeivi (10)
Using (9) and (10), we therefore have

LK@ < x| IO+ 1@
<(xyl+1+alyl+ryHel,

which is (8). We now return to derive the estimates for o,(x, y) and B,(x, ).
The estimates for # = 0 are trivial. For n # 0, we have

| i
a3 = |5 [ i et
< | sinaw(n — x) cosh wy/=n |
1 N 1 —in
n ]2—;’;[_#] 0y e~ dr
1
<(+Ixl+iy])emin]
by using (6). This gives (3). To estimate 8,(x, y), n # 0, we have
| .
| Bax )] = | 5 [ 0y et |
< | sinh (7ry) sin n(n — x)jan |
|5 [ K@ e ar]
< (%+ Lt+alyl+»*+ Ixyl)e"‘”‘/l nl

by using (8). This completes the proof of Lemma 1.
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We also need the following lemma which was proved in [1].

LemMa 2. Let u(x, y) be an entire harmonic function of exponential type
T < o such that u(x, 0) and u,(x, 0) are both in L?(— o0, w), 0 <p < .
Then u(x, n) satisfies the following:

3

ns=0

)

R0

J
7

D) < o, ()

—”y(’;’ 9 ' < o, (12)

u(x, 0) = o(1) and  u,x, 0) = o(l) as |xj—co. (13

We are now ready to prove Theorem 1. Let u(x, y) satisfy the hypotheses
in the theorem. For any compact set K in R? Lemma 1 yields

1, 0) o, 3] < (- 1]+ 1y ) emn | 420

0 1
< CKI ll(l;, ) !

for all (x,y) €K, where Cx < o0 is some constant depending only on X.
A similar estimate holds for u,(n, 0) 8,{x, »). Hence, by Lemma 2, the series

o

Y u(n, 0) a3 + un, 0) Bulx, )

N=—0

converges uniformly on every compact subset of R? to some entire harmonic
function w(x, y). From the same estimates above, it is clear that w(x, 3)
is of exponential type = < . Let U(x, ») = u{x, v) — w{x, y). It is sufficient
to prove that U(x, y) = 0. Using the proof given in {1}, that is, by a conse-
cutive application of the Plancherel-Pdlya and the Riemann—Stieltjes
theorems, we conclude that U(x, 0) = U,(x, y) = 0 for all x. As in the proof
of the proposition, let #(z) be an entire function with Re k(z) = U{x. ),
z=ux"L1iy, and set H(z) = h(z) - AZ). Then H{x) = 2U(x,0) =0
for all real x, so that H(z) = 0. Similarly, let L{z) = #'{z) — 7). Then
L(x) = 2iU(x, 0) = 0 by using the Cauchy-Riemann equations. Thus,
L(z) = 0. Write h(z) = ¥ a,z" Since H(z) = h(z) + h(Z) = 0, we have
a, + @, = Oforall n. Also, L(z) = I'(z) — W'(Z) = Oimplies na, — ni, = 0
for all n. We conclude, therefore, that a, is pure imaginary and a, = {
for n=1,2,... Hence, U(x, y) = Re #(z) = 0, completing the proof of
the theorem.
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3. FINAL REMARKS

By using standard techniques in classical function theory, the uniqueness
result in Proposition 1 can be improved. For example, the following unique-
ness result is obtained in [6].

ProPOSITION 2. If u is an entire harmonic function of exponential type
7 such that |u(x, p)l, [ufx, ¥, |uyx, p)l < Ae”!®, and u(n, 0) =
u,(n,0) =0 for n = 0, £1,..., then u(x, y) = (ce” -+ coe~"Y) sin wx.

Similarly, the techniques used in this paper can be extended to give other
related uniqueness and representation results (cf. [6]).
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